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AFOREWORD

This report discusses a three-degree-of-freedom dynamic
wind tunnel test program using slender cones with and without
nose-tip ablation. These tests were carried out in the NSWC
Hypersonic Tunnel using a gas-bearing support designed and
fabricated specifically for this program. A data reduction
program, also formulated for these tests, provided static and
dynamic stability derivatives from measurements of bi-planar
displacement angles. Comparisons are made where possible with
results from previously conducted static tests. A significant
result of these teits was a demonstration of the dynamic un-
stabilities associated with the presence of nose-tip ablation.
Also, it was shown thakt during ablation there is continual and
significant forward motion of the static center of pressure.
This test program was sponsored by the Reentry Aerodynamics
program.4
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1.0 INTNDWCTION

In conventional wind tunnel testing the model is attached to a rigid struc-

ture, often a cantilever beam. This support is called a "wind tunnel balance" since

an integral part of the structure is a load measuring unit. A measurement of the

forces of constraint is assumed equivalent to a measurement of the aerodynamic

loads. By rotating the model and/or support structure relative to the flow vector,

the dependency of load on angle can also be measured. While there is much to

recommend testing of rigidly constrained models, such testing cannot measure the

aerodynamic effects caused by the rate of change of angular variables. The three-

degree-of-freedom gas bearing support was designed to permit the measurement of

time dependent aerodynamic loads. The model is supported by a cantilever beau with

the attachment point at the model's center of gravity. The support permits re-

stricted angular motion in pitch and yaw Jabout 7.5 degrees) and unrestricted

angular motion in roll.

While physical realism may be enhanced by the testing of unconstrained models,

the determination of the aerodynamic loads is no longer a primary measurement as it

is in constrained model testing. The primary measurement is model angular dis-

placement from a null or trim condition. In the three-degree-of-freedo gas

bearing support these angles are roll, pitch (angle of attack), and yaw (angle

of sideslip). The task facing the analyst, then, is to deduce what the loads

must have been during the test in order to produce the observed motion. The pro-

cedure then involves postulating or modeling the floo-body interaction. This is

equivalent to postulating the form of relevant differential equation(s).

In the present application the differential equation describes the external

flow of a compressible fluid about a non-permeable structure. The fluid is

regarded as being everywhere continuous and the component of the fluid velocity

normal to the surface of the structure is everywhere zero. If the differential

7
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equation is liear then the coefficients may be regarded as "constants of propor-

tionaity" betmen angular displacement (and its derivative) and the applied

smut. The recordings of angular displacement (primary measurements) are in a

sense "solutions" of the differential equations; the goal of data reduction, then,

is to determine the numerical values of the coefficients that provide (according to

some criterion) the "best fit" to the observed (measured) angular notion. The

criterion that will be used here for "best fit" will minimize the square of the

"error" or difference between the assumed function and the data points.

The emphasis of this report will be on the use of the Three-Degree-of-Freedon

Gas earing (TDGB) rather than on its mechanical design. However, a description

of the mechanical features alonS with annotated assembly drurings and photographs

will be included. The readout or data-gathering techniques associated with this

1DB can never be regarded as coplete, since technological improvements will

suggest alterations from time-to-time.

By way of supporting cla n of utility, some wind tunel test results will

also be included. Non-dimensional aerodynamic coefficients will be given for both

ablating and non-ablating configurations.

2.0 WINW NW-CZON-

he Three-De8ree-of-Fredon Gas Bearing (TDGB) permits unlimited nodel

freedom in roll nd restricted freedom in angles of attack and sideslip. It is

certainly possible to provide the smu degrees of freedom with a gimbal system

using mechanical bearings. However, In the present application where heat loads

are modest, a Sas bearing is particularly attractive because of its low and con-

xsstent friction. However, the gas bearing does require a continuous supply of

gas (air in present case) and as it turns out, some control of the temperature of

the gas entering the reaion of the bearing sphere is necessary to maintain sphere/

socket clearaices. On 'bearing air also nt emit the model's base. However theiS
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mass flow is so small that exhaust air has no 3ignificant e ffect on model mo t i on. 

The sphere/cone model is shown attached to th e gas bearing and mounted in the 

NSWC Hypersonic Wind Tunnel in Figure 1. This mode l is a 7° cone (half-angle) 

with at 22 percent spherical bluntness. All aerodynamic data pr es ented in this 

report were ootained using this model (see section (4)). 

The gas bearing assembly and angular readout is shown in Fi gure 2 . This 

support and readout system is intended for conical models. The model mounts 

directly to the assembly which in tum is attach~d to the cantilever or "sting" 

support. 

Figure 3 is an exploded view of the assembly shown in Figure 2. The front 

and aft ball housings form the stator of the 2.5 inch diameter s phere also called 

the "socket." The inner surface of the housings is mol ded epoxy (DEVCON). The 

clearance tolerance between the sphere and the epoxy socket i s on the order of 

0.001 inch. The method of forming this socket and maintaining this tolerance 

is interesting. When the sphere is fabricated a second and nearly identical sphere 

is also fabricated. This second sphere is then nickel plated. The e poxy socket 

is then molded to this plated sphere. The unplated sphere then f its the socket 

with the required clearance. Sphere-socket clearance may vary somewhat so the 

plating thickness may vary a few thousandths of an inch. Howeve r, mor e i mportant 

than the clearance itself is consistency in clearance all around the bearing 

surface. The only difficul ties experienced with the bearing clearan ce were caused 

by cooled air (due to expans ion) which contracted the epoxy af t e r pr ol onged bearing 

use. Heating the air prior to entry at the bea r i n g s ur face t o t ally elimi na t ed this 

problem. 

All components aft of the bal l hous i ng are associate d with t ne pitch/ yaw/roll 

fiber optic r eadout system. This s ystem was no t entire l y satisfactory although 

some angular measurements using the fib er optic sys t em were used fo r da~d 

9 
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FIGURE 1 SPHEP.f./CONE MODEL MOUNTED IN THE NAVAL SURFACE WEAPON> CENTER HYPER
SONIC Wlo\ID TUNNEL 

10 



NSWC TR 81 -491 

FIGURE 2 GAS BEARING ASSEMBLY AND R!: ADOUT. 
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reduction. Roll or spin rates measured using this system provided a check on the

* Independent masurements that led to computations of the two oscillatory fre-

quencies (see equation (11c)).

The fiber optic system readout will not be discussed in great detail since it

Is to be subjected to modification or replacement. In principle the fiber optic

readout is fairly straightforward, although in practice fiber breakage limited the

angular coverage.

I The fiber optic light guides are 0.020 inch diameter. These guides are

located at discrete angular positions. A light source outside of the tunnel is

conducted by the guides through the sting and inside the bearing. The angles of

.4 attack (pitch) and sideslip (yaw) are read approximately every half degree; the

roll angle is read every 22.5 degrees. As the model rotates a mask covers and

uncovers the guides from the external light source. As a guide is uncovered the

* light crosses a 0.050 Inch gap to enter another guide directly opposite the light-

carrying-guide. The mask sheath (attached to the model to share its angular

* rotation) moves within this gap.

The light from the pickup guide then goes to a photocell where it is converted

to an electrical signal. A total of five channels are required, two for pitch,

two for yaw and one for roll. After these signals have been recorded (analog) on

magnetic tape, they are digitized. The digitized signal, together with a "readout

algoritm"' and calibration provides the angular record, i.e. degrees (in yaw and

pitch) versus time. In the next section the discussion wifl cover how this

angular record can be used to calculate the characteristic frequencies and damping

exponents and ultimately the non-dimensional aerodynamic derivatives.

-A Figure 4 provides a schematic of the more salient features of the bearing.

It will be noted that the sting is not solid but contains various passages for the

* light guides as well as conduits for bearing and control air. There are five

13
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separate air supply passages: (a) bearing, (b) kicking jet, (c) centering

fingers-forward, (d) centering fingers retract, (a) turbine (see Figure 5).

Bearing air is admitted Into the sting at about 375 to 400 psi. As pointed

I,, out earlier, bearing air should be heated so that there is no significant contrac-

* tion of the epoxy socket. Setting an exact temperature is not feasible, nor is it

necessary: the air after expansion In the bearing must be equal to or somewhat

* greater than the socket temperature. The bearing air supply enters the bearing

* sphere as Indicated and exhausts through eight holes--four forward and four aft.

This air is then carried by the bearing exhaust lines in the sphere to the rear of

the bearing where it enters the model Interior. Bearing exhaust air passes near

* the fiber optic readout system, partially contributing to the cooling requirements.

It will be noted that there Is also water cooling provided to the readout system.

The air finally exits the base of the model.

The second air source Is the air jet. LThe air jet is simply a high pressure

jet of air (about 850 psi) which when applied to one side of the model Impulsively

I gives the model an initial disturbance In angle and angular rate. Because the

model is spinning, a mechanical Initiator woild be unduly complicated. The air

jet has been found to be en entirely reliable and effective means for Initiating

model motion.

The third and fourth air supplies move the piston and the centering fingers

* forward and aft. Air at about 50 psi enters the base through the conduit Indicated

Iin Rgure 5a (and the enlargement in 1.gure 5b). The piston moves forward,

forcing the centering fingers into the 0-ring. The turbine then Imparts spin to

the model while at the sm time holding the model at null In both orthogonal

aerodynamic angles. When the desired spin rate is achieved, air Is simultaneously

bled from the region aft of the piston and applied to the forward piston face by

the aft piston air supply. The piston and centering fingers are driven aft. The

15
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model Is now available for angle of attack initiation by the kicking jet described

earlier.

The final air supply drives the turbine. Air Is admitted to the turbine at

200 to 250 psi. The turbine does not contain blades as might be expected but

rather consists of 18 equally spaced holes or nozzles drilled In the piston forming

a ring around the piston. Two of these nozzles are shown in Figures 4 and 5.

The axis of these nozzles are directed such that the effluent vec tor has a com-

ponent tangential to the piston surface. Whean the piston is pressured In a

positive direction, the centering fingers are forced against the 0-ring attached

to the model. Air Imparted to the turbine then spins the model while at the som

time holding the model's centerline directly Into the wind tunnel flow vector.

Once the model has been spun to the desired spin rate the fingers are retracted,

turbine air supply terminated and the kicking jet Initiated. At this point the

model is ssumed undergoing spin/yaw/pitch motion that is satisfactory for data

acquisition.

Since the model must be dynamically balanced for proper angular response,

there is provision for ensuring that the center of mass is at the point of rotation.

Fore and aft movement of the center of mass is controlled by the location of the

HIAVDMT (tungsten alloy) balancing slug seen In Figure 5. Since the model is

configurationally a body of revolution, most of the components also have an axis

of symmetry and are shaped on a lathe. However, internal screw holes and other

irregularities can place the canter of mass off the configurational axis of sym-

metry. Consequently a balancing ring (located at the rear of the model) can be

machined in accordance with balancing machine Instructions to bring the center of

mass laterally to the axis of configuration symetry.

Because the dynamic model Is used In a flow environment where the stagnation

temperature may be 1700 degrees Fahrenheit, prolonged usage might cause the

17
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temperature In the vLcinity of the fiber optic light guides to exceed 175 degrees

Fahrenheit. Thus, water cooling is provided by a passage through the center of the

sting. Mt the present set of tests water cooling was probably unnecessary since

bearing effluent air provided sufficient cooling for the test durations (less than

60 seconds).

The preceding description covered the essentials of the model's mechanical

design features. The fiber optic system functioned only Intermittently and

hence cinematic coverage was used for all data reduction. The only other diff 1-

culty experienced was binding (intermittent stator/rotor contact) Ln the gas bear-

* Lug after prolonged use. This problem was alleviated by heating the bearing air

* to about 50 degrees over anbient. Tests for maximum sustainable loads on the gas

bearing have not been made; however, it has shown the capability of sustaining a

model weight of 35 pounds and an axial aerodynamic load of over 100 pounds.

'I
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3.0 DATA DIDUCTION

In this section the relevant differential equation of model motion and the

solution of this equation will be given. The least squates data reduction tech-

nique will be developed and the computer program, formulating this technique will

be given.

3.1 DIFFERENTIAL EQUATION OF MOTION. The wind tunnel model has been indi-

cated to undergo angular notion about three mutually perpendicular axes while

immrsed in a continuous newtonian medium. The situation then is similar to

classical aeroballistic motion with two restrictions. In classical aeroballistics

the model (or projectile) moves through an essentially stationary mediun with

permissible motion about and along three mutually perpendicular axes. The

Gallilean transformation from a moving model/stationary medium to a linear con-

strained model/moving medium does not change the physics of aeroballistics.

However, constraining the model against linear motion does mean that only the

equations of angular notion need be considered: the equations of linear motion

are identically zero.

There is some controversy associated with the origins of the equations of

aeroballistic notion known as "tricyclic theory." Reference (1) Is often con-

sidered the seminal paper in the statement of the tricyclic theory; reference (2)

is also a broad statement of the theory and contains many extensions and applica-

tions to the ballistic range. However, a possibly more readable paper than either

of these and one that will be used here as the basic reference is reference (3)

by H. R. Vaughn.

1 licoliades, J.D., "On the Free Flight Notion of Missiles Having Slight Con-
figurational Asymetries," Ballistic Research Laboratories Report No. 858,
June 1953.

d
2MUrphy, C.H., "Free Flight Notion of Sypetric Missiles," Ballistic Research
Laboratories Report No. 1216, July 1963.

3Vaughn, H.R., "A Detailed Development of the Tricyclic Theory," Sandia
Laboratories, SC-1-67-2933, February 1968.

t1
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Relying on the development contained in reference (3) it is possible to show

that the angular motion about two orthogonal and wind tunnel-fixed axes is described

by the equations:

, pac-PI- moo - + M) a, M coopt -Mp-OPO -

(1)
0 + pI + N - (N r- ) - n pt - papa - o

In the above equation, a and 8 are the angular deviation of the model's axis of

symmetry (or principal axis of Inertia) from the velocity vector: a measures

deviation in the vertical plane and 0 deviation in the horizontal plane. Figure

6 Indicates the measurement of these angles. Since the maxlam excursions In

a and 0 are limited to less than 7 degrees, any ambiguities due to commutivity of

angular rotations may be ignored.

Table I below defines the various sybols anearug In equations (1).

OTAM 1 M QUATIIC (1) 11OL WFIIITIO

me Cmer-I/ dl) Pitlta * pment derivave

=* S

- 4(US ! mm1mmmt derivative

M4--- /tr)tdk e m sag derivative

N*'r(D/Y Ta 6"Inpd derivative

N e Ca " MR d"Pal)Taw V0.derivative

N PO %.hI,NN6/ aed 2 /m Pie' N"eW derivative

K, n 4/8 61(4 tin mem derivative

6 - quve1.mt trim off-set angle

I ?ramsverse uoment of Inertia

I Sell momnt of inertia

1 3 -
See footnote 3 on page 1,

20
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If equation (1) ie assumed linear in angle of attack, a, and sideslip, 0 and

the spin rate, p. is constant, then various formalisms are available to effect a

solution. One approach night be to reduce the differential equation to an

algebraic equation through the Laplace Transforo. If the existence of rotational

symetry of the model is accepted the consequence is a set of relationships among

the derivatives of Table 1 (and equations (1)) as:

Ma NB

q Nr (2)

%= -N 
M N
00 pa

The procedure taken here to solve equations (1) is not to use the Laplace

Transform but rather to remain in the tme domain. First, equations (1) may

be combined by introducing the complex angle of attack, C, as

Ia + (3)

Equations (1) can now be expressed as a single differential equation In the cma-

plex variable, F, as:

+ pIE M +. al Im _!a-*n pt + I coo pt 6 - 0 (4)

After some protracted analysis, the solution of equation (4) takes the form,
~ke 1 1 ":L  (A'2+1 2)t()

= + k2e + k3e Pt (5)

where the three additive term an the right might be described a vectors (or

"arms") in the complex plane. The arms rotate at frequencies l (nutation), w2

(precession) and p (spin rate). Because of the real terms in the exponents of

first two arm (nutation and precession respectively) these arms also diminish or

grow depending upon the sign of X 1 and %'2" Since kl, k2 and k3 are complex, each

will in general contain bro real constants. Thus, writing the equivalent of

equation (5) in real variables, a and 0, we would expect six unspecified

22
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constants. In addition, of course, there are the two damping terms Al and A
2 

and 

the cwo frequency terms w
1 

and w
2

• (The spin rate, p, will be treated as a 

measurable quantity.) Writing equation (5) as two real equations gives, 

+ (A
3 

cos pt + s
3 

sin pt) ( 6a) 

+ (B
3 

cos pt - A
3 

sin pt) (6b) 

It then appears that a data reduction scheme will require the record of 

angular displacements a and 8 to be "fitted" in some way to provide numerical 

values of the ten constants : A
1

, B
1

, A2 , B2 , A3 , B3 , A1 , A2 , w1 , w
2

. 

In spite of the requirement of evaluating ten constants only four, A
1

, A
2

, 

w
1

, w
2 

have ~ny practical value in the evaluation of t he aerodynamic derivatives. 

The first four constants A
1

, B
1

, A
2

, B
2 

contain in a~dition to the stability 

. 
derivatives, initial conditions in the variables a , a , 8 , 8 at whatever point ( in 

time) the a (t), 8(t) r ecord is begun . Since it i s not practical to evaluate 

precis ely the a bove mentioned initial conditions , the cons t ant s A
1

, B
1

, A
2

, B
2 

have 

no utili ty in establishi ng the s t ability derivatives. For example , A
1

, may be 

written as, 

(7) 

The depe ndence upon i nit ial condi tions a0 , a
0

) is clear. Similar relat ionship migh t 

be wri tten for B1 , A2, s2: A3 a nd B3 are expressions fo r conf i gurational asymmetries . 

The f r equency and dampi ng t erms w
1

, w
2

, A
1

, A
2 

ar e the cons t ant s of inter es t 

since they contain all the aerodynamic s t abili t y de r i vatives except t he a • ymmetry 

23 
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somins, N6 8 . First define the two parameters, a, and T:

4 - \X(8)

x- 1 -. \21 /_

()\2 (

The parameter, s, is called the "gyroscopic stability factor" and is a measure of

the relative presence of aerodynamic stiffness, N /1, and gyroscopic stiffness,
a

(PIx/21). For our purposes the parmter, T, will be used to convey essentially

the same information, i.e. the relative Importance of spin or gyroscopic effects

to aerodynamic effects. It should be noted that for statically stable missiles

(center of pressure aft of center of gravity) the stability derivative, M , In

equation (9) is negative. Thus T must always be real. Further note the asymp-

totic values of T with spin rate, p.

p*O110 T 0

p..-

Using the parameter, T, it is easy to show

'1 21 ( C

x2 ( 1b)

A1  21 (I + T) + T(10c)

24
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x2  S( 1 - --2  (10d)
2 21

Also it is important to realize that the sign of T is that of spin rate, p.

Assuming that p is positive it is clear from equation (10a,b) that wi is positive

and is negative; further, the magnitude of fi is greater than that of w2 " Under

conditions of positive, p, the greater frequency is 1 and identified as nutation

and the lesser frequency is w2 and identified as precession. In the data to be

given, the spin rate is negative with the result that the nutational frequency is

negative and the precessional frequency is positive. Regardless of the sign, the

frequency having the greater magnitude is the nutation, while the frequency having

the lesser magnitude is the precessional.

Equations (10) present the four constants wI, W 2'Xl'X 2 in terms of the

aerodynamic derivatives M , M and M and the spin rate, p (through the parameter,
a q P

T). It is relatively straightforward to evaluate the terms M M q Mp and p (and

T) in terms of the four constants w1, M2 ' A 2  Hultiplying equations (10a,b)

together and using equation (9) gives:

- -'I 2 (11a)

Next adding equations (10c,d) provides:

M - I(A 1 + b2) (b)

Equations (10a,b) may then be added to give:

p-- (WI + W2 ) (lc)
x

Next subtract equation (lOb) from (lOa) and using (11c) above gives:

JW:1 
+ W2W 1 W2 (11d)

If equation (lOd) is subtracted from (10c) and equation (lb) is used, the

result is:

25
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x - - (A + )r+ + (2T)
1 2 1 2 I

Next replacing r from equation (lid) gives after some mnipulation:

Y[ 2 + 2w Ix (11e)" - + W' 2

Thus equations (lla,b,e) provide a means for calculating the dimensional aero-

dynamic derivatives a , Nq HpO from the four constants w 19 t°2 X1' X2 In

addition it will be noted that the spin rate, p, may be calculated from the reduced

data. The conclusion that spin rate need not be measured is a bit misleading: a

good estimate of spin rate Is quite helpful in Initiating parameter estimation

during data reduction. After the data reduction process has converged a measured

spin rate and a computed spin rate from equation (l1c) will indicate by their

agreement a check on the validity of the reduced data.

It will be noted in equation (3Uc) that if the spin rate, p, is zero that

'-1 2 -u

Md if p - 0, then T 0; it follows from equations (10c,d) that:

A, -A 2-aA

Consequently equations (lla,b,e) become:

.- 2 (12a)

q - 21A (12b)

MK - IIIDIINEIN.T
PP o(12c)

3quation (12c) indicates that in the absence of spin rate, p, equation (11e) takes

-on an indeterminate form. It should be appreciated that Mp0, the Magnus derivative,

is dependent upon configuration and not upon spin rate. However, in the absence

of spin it is Impossible to measure the Magnus derivative.

26
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If the motion of the model is dynamically stable, then X1 ' A2 < 0, i.e. both

the nutational and precessional damping exponents must be negative. Hence, at

large values of time, equations (6) become,

a ,- A3 cos pt + B3 sin pt (13a)
B B 3 cos pt - A3 sin pt (13b)

Assuming that the angles a, and 8, are small, it is justifiable to square both

sides of the equations (13), add, and finally take the root to give:

.2 (14)

where aT is the trim angle of attack. Thus the constants A3 and B3 will provide

an indication of configurational asymmetries causing a non-zero trim angle.

3.2 DATA REDUCTION EQUATIONS. The basis of the data reduction method is a

variation of the familiar least squares technique.4 In the sketch below on the

•a (P. l
ii  .

a
at,

alt)

* *(a,. t1) (I )

Sqi ti ti

4Nielsen, Kaj L., Methods in Wmatical Anal4sis, 2nd Edition (New York: The
Macmillan Co., 1964), pp. 309-313.
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left is shown a series of angle of attack measurements and the corresponding value

of time. The function a(t) is the best-fitted function (of the assumed form) to the

succession of data points (at, ti). The fit is "best" in the least-squares sense.

In other words for each data point (a i, ti) there is a "residual" which for the

angle of attack is designated by ri. Similar remarks apply to the angle of side-

slip, 0, shown to the right in the above sketch. The residual or the difference be-

-, tween the assumed best-fit function and data point at the same time is indicated by

the variable, qi. Thus we may express analytically the residuals ri and qi as,

ri W Q(ti; A, BI' A2 B2 A3 ' B3 . ' X ' IX 2 - i (15a)

q B(ti; A1, B , A2, B2, A 3, B 3, '1 ' '2' 2 -01 (15b)

The residual is shown as the difference between the fitted curve and the data point

at the time t = ti. The residuals ri and qi are shown to depend upon the ten para-

meters A1 , . . . 2 The heart of the least squares technique then is the method

for establishing ten linearly independent equations for the determination of these

-.4J ten constants. These equations are established by minimizing the sum of the squares

of the residuals with respect to each of the ten constants. Since there are two

variables i.e. a and 0, the quantity to be minimized is the sum of each of the

" residuals squared as,

r 24 q 2 + q 2(16)
(r i

Then the derivative of the above quantity is taken in turn with respect to each of

the tan constants A, . . . X2; these derivatives are each set equal to zero to pro-

vide ten independent algebraic equations that can be solved.simultaneously for each

of the ten constants. For example for the A1 and B1 constants, the derivative

operation will be:
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aj( + q 2).o (17b)

If the analytic expression for model otion were linear in all ten of the

constants, the ten equations which follow from the differentiation (see equations
a/

(17)) might be solved as /inear algebraic equations. A glance at. equations (6)

shows that six constants A1 , 1 , A2, 32, A3 and B3 do vary linearly. However, the

four remaining constants wl' w2' l' X2 do not vary linearly: wl, w2 are arguments

of transcendental functions and A1, A2 are arguments of exponential functions.

Thus, the direct method of least squares must be extended to an iterative method

known as "differential corrections."

The residuals have been designated in equation (15); the functions a(t) and

O(t) given in these residual expressions can be expanded in a Taylor series in the

constants 19 2t X1X2 . The remaining six constants, All Bl, A2, 2, AV, 33

could also be evaluated-by this iterative differential corrections procedure, but

since the residuals vary linearly with these six constants, the sore direct least

squares procedure will be used in their evaluation. The least squares method will

be covered in more detail after the differential corrections method has been

described. Replacing a(t) and 0(t) in equations (15) by a Taylor expansion in each

of the variables w1 , W2 1 X , A 2 gives:

+B- +2- A +- Q (18a)am11 m2w2 ax1 1 a2  2 i

1 2 1 1 3 2
1 0  (18b)

- where a and 0 have been expanded about estimated values W1, W20 AlA h
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quantities or variables w ,  2 ,2 A1 t A 2 represent the incremental changes in the

estimated values (see equation (26)).

Now residuals R, and Q, may be defined as:

Ri " c(tt; A '.., A2 ) - i " - ai (19a)

oi - B(t ; i,..., '2) - 01 - 0 - (19b)

The residuals Ri and Qi are recognized s the difference between the estimated
cton. A(; A..., ) A(, *. , X) and the data points m and .
funtio s (t i; l'-"'- 2 and O't i' 2

Equations (18) and (19) may be combined to give:

- a ;a ax a 2
r1 " a+  2 +  A) +  A2  2i (20)

S+ + A + .f - 2 + Q (20b)anw 3C02 2  ak 1  1 a

The residuals ri and qi may be squared and smmed to give the quantity

02r + q2)

as in identity (16). Now the derivative is taken of the above sum-of-the-square

of the residuals with respect to the four variables 1, , 2, A 1  xA2 and these

derivatives set, in turn, equal to zero. For exmple the equation which results

from taking the derivative with respect to wl is:

I
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:+ 3c( ")

+ x . + a* X)

3w2 1 2 2

"++ 1i-w2+ Lax- 'Xl + +l '2)
' ~ 1 203 _

+ .,2(Raw,, + R),]. + , Q-+ R,, ac x
+ aQ~w 1 +Q a- 2  1 w_ 1

1 2 1 ,j.

(21)

a( 2 (1jw + Q2 '1~+ 0

i 1  w+  w 2

a- + - + 20 lS + ao x (22)

[ +3 Q1
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It should be appreciated that the various partial derivatives in equation (21)

such as aa/aw1 are evaluated at the estimated values il is' A1 a' nd hence are

constants for any differentiation with respect to i 1 w2 . ) )'2"

Mhe development of the remaining three equations .is obvious. The result Is

that four equations linear In the variables oil, w2. All X2 are available for the

calculation of these varlables. Natrix algebra may be used to advantage in

programing these equations for solution on a digital computer. Let C j be the j th

subscripted variable representing l, w2 Al' A 2 for the four consecutive sub-

scripts as

Cl ,

C2  *2 -C

C3  A1

C4  A2

hs algebraic equation given in equation (22) and the equivalent equations for the

.remaining variables may be represented by the following matrix equation:

F kjC - Rk(23)

P represents the coefficients of equation (23) and the equivalent equations;
kj

contains the sun of the residuals. For example the 4 x 4 F matrix has the

following elemental values:

32
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F12 - 3W: am 21 0

F13 - a~wli awl 3A 11.,

F1 -7- Jma 08

14 L i a X2  awl aA2J

F I a m aop aq~2 1 aW w w m

122 1 4 (aw2 (ky

F23 ma am-

12 -Lw2 11 3 2 'rA

31 a 30 10
31~~ ~ 1x w x w

132 ax w2  ax1 32j

34 ax X

Ln1WA2 a~1 aXJ

141 ± L A2 awl aA2 aw1

F42 'T W x2 a

33
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* h a~u tr auk  asas 1ew

743' +-x°

/\2

.444+ Q3 j (24a)

The residual ter Rik say be written an

RI2 RI. + 10

Equations (26) may be treated as a matrix equatiLon and a solution for Cj may be

indicated the inverse formalism:

2 -c -(Fkj) -1 R -mllj 1.k (25)

X1

S For most applications the matrix Fk is not singular so the inverse exists.

However this matrix is not orthogonal so the inverse has been indicated as Fljk

Once the variables w]. 12 A' , A2 have been obtained a new estimate on these

variables can be made as

1' 2 +  2 30 Q:2

33

(it~ +4)*

2kr

Eaions (26)sabetetdaa arxeutoanasouinfrCmye

2 C2 A2  Fl k(5

j (Fk34
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In other words the new estimates of the variables shown on the right hand side are

formed by adding algebraically the incremental variables to the present estimates.

After each iteration new estimates become available; these new estimates are used

to reevaluate the various derivatives appearing in the elements of the Fkj and R1

matrices (see equations (24)). After a sufficient number of iterations a %est

estimate" (in the least-square sense) is available for the variables w i w2 s X1' X 2"

Obviously selecting the number of iterations is arbitrary. However, the probable

error of fit, E, can be used as an index of convergence. E may be given as:

4.,0. 74 (2N - n) 
(27)

where N is the total number of data points to be fitted and n is the number of

parameters. In the case under discussion n is obviously equal to four.

The derivatives of a and 0 with respect to the four parameters w 1 w2 , A1 , A2

have not been defined. However these derivatives are easy to form. From equation

(6) the eight required derivatives are:

3c-A sinwt)e1

" (t)(B cos wt - A sin _t)e 2  (28b)
iw 2  2 2 2 w2

(t)(A cos w t + A2 sin w1t)e (28)

)'A2t

(t)(A2 cosw 2 t+ 2 sin w2 tie (28d)

1

I-t)(31 sin w t + A, cos wit)* (28e)
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- (-t)(B2 sin w2t +"A2cos w2t)e 
'2  ('28f)

2

" (t)(B1 cos w1t - A1 sin wlt)e (28g)

2t

- (t)(B 2 cos w2t - A2 sin w2 t)e (28h)aA2

Once a set of values for wl' w2 t X1 A2 emerge from the data reduction

process, it is possible to calculate the aerodynamic derivatives and spin rate from

equations (lla,bc,e).

The remaining question concerns the evaluation of the six constants A,, Bit

A2 , B2, A3 , B3 , which up to now have been assumed available. As pointed out

earlier these six constants must be evaluated to complete the fit of equations (6)

to the data even though such constants (with the exception of A3 and B3) contain

no new aerodynamic data. It will be noted in equation (6) that the angle of

attack, a, and side slip, 0, are linear functions of the constants A,, Bit A2 , B2,

•A3 , B3 ; hence the direct least squares technique can be applied rather than the

N Iterative differential correction method just developed for the computation of

As before (in equation (15)) we may write for the residuals

rii= a(t) - a

q Is) - 0~i

where a(t) and 0(t) are the functions given in equation (6) and a and 0S1 are the

data points at time t-t1 . The functions a(t) and 0(t) are also evaluated at time

tt * Of course at this point a(t).and 0(t) cannot be numerically evaluated

because A1, B1, A2 , B2' A3 , B3 have not been assigned numerical values although the

remaining four constants, W1, W2' X' A2 have been given estimated values. Now if
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the residuals are squared and added the derivative of the resulting expression may

be taken in turn with respect to each of the unknowns A1, B1, A2, B2, A3, B3 to pro-

vide six independent equations for the evaluation of the unknowns.

It will be noted in equations (6) that the coefficients of the unknowns A,, B1 9

A2 , B2' A3 , B3 are the derivatives of a and B with respect to these unknowns. Thus

equation (6) might be written as

-- , +lt + BA+ (29a)

as A 2 +\2/+A (Lan ( 219a2 )3 B 1 ( (2t 3

-A cos(ui2t)e 8 .(lsin(w~t)e 1

(aA2 23))

A~t A2t
m stn(w 2e cswt)e 1A, cos(+ BeA 2 B + A+B92t)eb

M ALa 2 La

2 il 31 2 23

a- -- cos (pt) - "sin(pt)

3A3  3A-

' sin(pt, *'- 1 cos(pt) (30)

The residuals may be sumed over the data points to give:

Six linearly independent algebraic equations may now be obtained by taking the

derivative of the above residual sum with respect to each of the parameters A1 , 1,

37
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A4 2 2' A 3  B3 and then setting to zero. As an ezample the derivative of the above

Identity with respect to A1 .1:

a (t) - a] 2 + [0(t) -21} .0(3

Rewriting slightly using equation (29) gives:

S A + - +H B

dasa A B3 B3 ij I j i +k 353 3

-1]21 . 0 (32b)

Carrying out the differentiation gives,

A, +B a A + .+.s B 0aB 3] +_ aB 3]-
3 33 3

Rearranging the above expression gives the first of six equations for determining

the constants A,, Bi, A 2 2' A 3 , B3

t~j] B+ (8A-,) +

J~ Foe 5  f .§j1 au 8 (33)

3° (a, ,,-) (r 2
as 'j/a i ":.i 1: ij

The solution of the six equations for the six constants may be wri-tten as a matrix

equation as:

kjDj - . (34)

The solution for the column matrix, D j is:

A,

31

Dj - (Gk)-'Q k (35)

A3

B3
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The matrix Gkj has 36 elements. Rather than writing all of these elements a typical

element will be given; construction of the remaining elements should be fairly

obvious. First it will be noted that the column matrix D has been formed by

assigning numbers 1 through 6 in order to the constants A, Bi, A2, B2 , A3 , B3 ;

then the element G of the matrix G is formed from the derivative of a withma kj

respect to the m-th variable times the derivative of a with respect to the n-th

variable added to the product of the derivatives of 8 with respect to the same

variables. For example the element where m-3 and n=5, i.e. G35, the variables are

A2 and A3 (see column matrix in equation (35)). Thus,

2 3

Clearly the matrix Gkj is symmetric (as is the matrix Fkj discussed earlier in

equation (23)). The matrix Qlk follows a form identical to that for Rik (equations

* (24b)). Again if k=4, i.e. D4 - B2, then,

Q14  a 8B a (37)

iL 2 2]

The elements of the matrix D can be computed by equation (35). Once D is avail-

able then the constants A1 , B1 , A2, B2 , A3 , B3 , are also available. With the

availability of these six constants it is possible to use the method of differential

corrections to obtain the remaining four constants wi' t 2, A1, A2. The various

first order partial derivatives used in forming the elements of Gkj and Q1k (see

equations (30)) "equired a guess or estimate of the four constants wit w2 ' Al' X2 "

The method of differential corrections is now followed to improve these estimates.

The iterations continue until convergence is sufficient according to some external

criterion such as that stated in equation (27).

The main features of the data reduction procedure might be reviewed in the

following statements

39
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(a) Estimate "reasonable" values of the constants w1, 1 2 , w2' 1'2"

(b) Evaluate the derivatives given in equations (30) at each data

point.

(c) Carry out the products and stmmations to form the elements of the

matrices G j and

(d) Carry out the matrix inversion and multiplication as indicated in

equation (35) to solve for A,, BV A2, B2' A3, B3.

(e) Evaluate the derivatives given in equations (28) at each data point.

(f) Carry out the products aid sunations to form the elements of the

matrices Fkj and Ilk .

(g) Carry out the matrix inversion and multiplication as indicated in

* equation (25) to solve for w1, e2,' A2

(h) Update (improve) the present estimates of w1, W 2 ' ' A2 (equations

(26)).

(1) Return to step (e) and repeat the process to step (h) either a

preset number of times or until some convergence criterion is satisfied.

(J) Return to step (a) with new estimates of wl, w2, w 1, A2 from step

(i) and repeat procedure until convergence satisfies some external criterion.

. In the application of the method discussed in this report step (i) is omitted.

- In other words after the first update to the parameters wl, 2 , 1,' A 2 has been

* completed an immediate return is made to step (a).

3.3 COMPUTER PROGRAM. A computer program has been written to carry out the

data reduction procedure developed in the preceding section. This program has been

listed in Table 2. Where appropriate equations of section 3.2 will be related to

the equivalent line(s) in the program.

In lines 100 through 270 some descriptive remarks are c, , .ained; most of

these remarks are a brief restatement of the last few paragraphs of section 3.2.

40
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TABLE 2
DATA REDUCTION PROGRAM

0100 REN THIS PROGRAM IS A DATA REDUCTION PIOCEINI DWED UPN
00110 REN LEAST SOUARES/DIFFERENTIAL CORRECTIONS FOR EVALUATION TE
01120 REN TEN CONSTANTS DESCRIDIMS ReLL-PITCH-TAU NOTION NEA URD IN
00130 REN THE UINI TUNNEL USING THE TOREE-I WAS DEARING. THESE COhSTANTS
00140 REN ARE (A) CONSTANTS OF INTEGRATION Af,ItA2,32;(3) ASYI. IRY
00150 MEN CONSTANTS A3,33; (C) NUTATION/PREC16SIO U FREQUENCY
00160 REN CONSTANTS 113,14; () NUTATIONIPRECESSION SNAPING CONSTANTS
00170 REN L3,L4. 11AND 12 ARE THE LONSITUDINAL AND TRANSVERSE NONENTS
00100 REN OF INERTIA AND P IS THE SPIN RATE. LI AND L2 ARE THE
01190 REN STARTINS AND EHING DATA POINT NUNDERS. VARIABLES
01200 REN U3,4,L3,L4 ARE FITTED BY DIFFERENTIAL CORRECTIONS.
00210 RN PROCEDURE IS TO ESTINATE THE VARIABLES U3,U4,L3,L4 AND
00220 3EN CALCULATE AI,31,A2,D2,A3,D3 FRON STRAINNT LEAST SGRES ;
00230 REN USINO ESTIMATES ON AIDIAA,D2,A39,3 FRON LEAST SIIARE,
00240 REN DIFFERENTIAL CORRECTIONS ARE USED TO IMPROVE ESTINATES
00250 REN OF U3,U4,L3,L4. THIS PROCEDURE MAYDE REPEATED AN ARBITRARY
01260 REN NUNDER OF ITERATIONS. A PRINT OUT OF THE STANDARD DEVIATION,E,
00270 REM IS USED A A MEASURE OF THE DEG3EE OF FIT.
00230 11 a .02476
00290 12 w 0.1925
00300 DASE I
00310 DIN A(1000),1(100) ,AO(100),DO00(10),T(1000)
00320 DIN 6(6,6)rSI(6,6)vF(4,4),FI(4,4)
00330 DIN R1(4),lI(6),D(6),R(1000)vI(I000)vC(4)
00340 FILE 11 a *TAPEI"
00350 INPUT 31,R9,N
00360 PRINT NEMTER; LIs STARTING LINE NO AND L2 a ENDING LINE NO.*
00370 INPUT LI,L2
00380 8 a LI -6
00390 IF S<00 THEN 00430
00400 FOR I a I TO S
00410 INPUT fi,5,3,3
01420 NEXT I
00430 N a L2-L1
09440 FOR I a I TO N
01450 INPUT MIT(1),A(I),D(I)
00460 NEXT I
01470 PRINT "STARTING AND ENDING VALUES*
00410 PRINT T(I),A(I),D(1)
01490 PRINT T(N),A(M),D(N)
0#500 3 a 10.62
00510 U4 a (-1)*13.655
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TABLE 2 (CONTINUED)
DATA REDUCTION PROGRAM

0#520 L3 a (-1)*.12
00530 L4 a (-I )*.0475
00540 P (12/Il)*(V3+94)
00550 FOR k m I TO 15
00560 REF FN*(T a C0S(W3*T)OEXP(L3*T)
00570 REF FMIT) a SIN(U3*T)*EXPCL3ST)
00560 REF FIICT) a COSCU4*T)*EXP(L4*T)
00590 REF FMD(T) a SII(U4*T)*EXP(L4.T)
00600 REF FRECT a COSCP*T)
00610 DEF FNF(T) a SII(P*T)
00620 REF FN(T) a (14*COSWU3*T)-A40818(V3eT))*T*EXP(L3.T)
00630 REF FNN(T) a (35eC03(V4*T)-A5.SIM(U4sT))*T*EXP(L4*T)
00640 DEF FNMT a (A4*COS(3*T).34*SIN(V3eT))*T*EXP(L3*T)
00650 REF FNJ(T) a (A5SCOS(U4*T).RS*SIM(U4*T) )*T*EXP(L4*T)200660 REF FNAM a (-l)*5IN(V3*T)*EXP(L3*T)
00670 REF FNNCT) a COS(U3*T)*EXP(L3*T)
00680 REF FMP(T) a (-1)*IIN(I*T)EXP(L4*T)
00690 REF FNICT) a COS(V4*T)*EXP(L4*T)
00700 REF FNR(T) a (-t)*SII(P*T)
00710 REF FNB(T) *COS(PST)
00720 REF FIYCT) *(-T)*(R4*SIN(13*T)*A4.COS(V3*t))*EXP(L3*T)
00730 REF FNUMT (-T)e(RS.SIM(U4ST)4A5*COS(U4*T))*EXP(L4*T)
00740 REF FNYCT) *(T)*(R4*C03(U39T)-64*!IN(U3*T) )*EXP(L3*T)
00750 REF FNV(Y) *(T)s(RS*COS(14eT)-AS*81NIU4*T))*EXP(L4*T)
00760 FOR I a I TO d
00770FR Ja I TO06
00760 6(IJ) a 0
00790 KEIT J
00000 NEXT I
00410 FOR I I TO 6
0018 01(l) 0

0014* FOR I *I TO N
0*50 N a TI!)
00660 6(1,) w FNA(H)SFNA(II).FN(H)*FNN(N).G(1,1)
ON?# W912) 0 FNA(N)SFN(N).FNN(N)SFNN(H)46(lt2)
00*0 6(13 a FN*(N)*FMC()FNN()*FNP().(l,3)
00690 611,4) a FNA(N)*FN()4FNN(N)*FN(N).(1,4)

4# V006195) a FNA(N)eFNE().FN()*FNR()4(,5)
00910 6(146) a FMA(N)FNFH)FI()FNSI)*(I,6)
00920 0(201) a FN(N)eFIA(N)*FNN(N)*FI(N)*(2,1)
00930 0(292) m FIN)*FNIR(H)FNN(N)SFN()*(2e2)
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TABLE 2 (CONTINUED)
DATA RtEDUCION PROGRAM

00940 0(2,3 a FMI(N)eFIC(N)*FNN(N)*FWN(62,3)
00950 6(24) a FU3(N)SFID(N)4FNN(N)*FNG(N).S(2,4)
00160 6(2t5) a FN3(N)SFNE(N)*FN(1)eFNR(H)4(2,5)
00970 6(216) a FN3(N)*FNF(H)#FNN(N)*FMS(N)46(296)
0960 6(1,1) a FNC(H)*FN*(H)#FNP(U)*FNN(N)+O(3, 1)
00990 6(3t2) a FNC(H)*FI(N)+FNP(H)SFMN(N)*6(3,2)
01000 6(0,1) a FNIN)eFNC(Nt*FNP(N)SFIP(H)*6C1,1)
01010 9(34) a FIC(H)*FI(N).FMP(N)*FNO(N)46(3,4)
01020 6(3p5) a FN(N)*FN()FP()*FI(M)#G(3,5)
01030 0(3t&) a FNC(N).FNF(H).FIPOI)*FU(H)*6(1,6)
01040 6(4,) a FMD(N)sFNA(H)*FNO(N)*FIN(H)46(4,l)

N01050 6(4,2) a FN3(N)*FND(N)*FN6(N)*FNN)*G(4p2)
01060 6(4p3) a FN3(N)sFNC(N)*FNI(N)*FIP(H)*6(4p3I
01070 6(4,4) w FID(N)*FNI(N)*FNI(N)SFI@(H)*6(4,4I
01060 6(4t5) w FUD(N)*FME(H)*FNO(N)eFR()e6C4,5)
01090 6(4,S) x FN3(H)*FNF(H)*FN6(N)*FN3(N)49(4,6)
01100 6(5,1) a FME(N).FNA(H).FI()*FNN(N)46(5,1)
01110 6(5j,2). FKuInsFU3CN)rf~IttNl t moI2
01120 6(5p3) a FNE(N)OFIC(N)+FNR(IN)*FN(N)*S(5p3I
01130 6(5,4) a FNE(N)*FN3(N)*FNU(N)SFNO(H)*6(5,4I
01140 6(5,5) a FIE(N)*FNE(N)*FE(IN)*FNR(H)*6(5,5J
01150 6(56) a FKNHOFNF(N).FE(N)FIS(U)4O(5,6)
01160 6(6,) a FUF(N)FNA(N)*fN$(U)*FNN(N)*61(6,11
01170 6(6,2 a FIF(N).733(N),FN3(N)SFIN(H)46(6,2)
01160 6(6,1 a FIF(N)eFNC(II)*FNI(N)*FNP(N)*B(6,31
01110 6(64) a FNF(N)sFID(N)*S(N)*FNB(H)46(6p4)

401200 6(6,) a FNFIN).FNE(H).FNl(N)*FNR(H)46(6g5)
01210 6(,6 a FNF(H)*FNF(H)*FNU(lI)*FN)*I(6,6)
01220 11(l) s FNAOI)eA(I)#FIN(H)*3(I).t(1
01230 81(2) a F1()*AMI)FNN(II)39(I)*0(2)
01240 01(M a FNC(N)*A(I)FNP(N)OII)441(3
01250 11(4 a F1(N)*A(I)F1(N)e3(D#*1(4)
01260 2105) a FN1(N)*A(I)4FNR(N)*f(I42l(5)
01270 11M6 m FIF(N)sA(I)*N(W)IM421(
01210 NEXT I
01290 NAT 61 a IN9(6)
01300 NAT I a 01491I01310 A4 a Oil)
01120 34 m 1(2)
01330 AS a M()
01340 35 a DM4
01150 Ad a 9(5)
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TABLE 2 (CONTINUED)
DATA REDUCTION PROGRAM

01360 36 5 3(6)
01370 FOR I a I TO N
01360 T w TMI
01390 £041 a (A4*CSS(U3*T)*34*SIN(U3*T) .EXP(LIOr)
01400 AM() a A0(I).(AS*COS(14*T)*35*SIN(V40T))*EXP(L4ST)
01410 *0(1) a A#(I)+A6*COI(p*T)+l&*I1I(P*T))01420 30(1). (34*CSS(U*$T)-*4esINWIa*T))*EXP(L3*T)
01430 10(l) a 30(1)*(35*COSI(4*T)-*5*SlN(V4*T))*EX(P(L4*T)
01440 10(0) a 10(DI)*C68(P*T)-66*8IN(P*T)
01450 NEXT I
01460 NAT It a *0-A
01470 NAT 0 a 10-3
014110 FOR I *I TO 4
01490 FOR J I TO 4
01500 F(IJ) I

I01510 NEXT J
01529 NEXT I
01530 FER I I TO 4
01540 RIM1 .0
01550 NEXT I

*101560 Z a0
01 570 FER 1 TO N
015801 N 871)
01590 M(1,) a FN6(N)*FNG(H).FNT(H)*FNT(N)OF(1,1)
01600 F(1,2) a FN()'FNN(N)4FNT(N)*FIU(H)+F(1,2)

*101610 F(1,3) a FO(N)SFNI(N).FNT(N)*FWN().F(193)
01620 F(1#4) a FMI(NteFNJ(H).FNT(N)*FNV(H).F(1,4)
01630 F(291) a FNH(H)eFNS(H).FNU(N)*FNT(H)*F(2,I)
01640 F(2,2) a FNN(II).FMI(N),FNU(N)eFWJ(N),F(2,2I
91650 F(293) a FNN(N)eFNI(H).FNID(U)*FNY(H).F(2,3)
01660 F(294) a FNI(N)*FIJ(N)*NI(N)*FNV(H)*F(2,4)

*01670 Mgt,) a FII(N)*FN6(H)*FMV(U)*FNT(U)+F(3,1)
01660 F1312) a FUI(N)*FEW()FN(N)FNUN)*F(3,2)
01690 F(3,3) a FNI(N)*FNI(N).FNY(N).PNY(H)eF(3,3)
01700 F(3,4) a FMI(M)'FNJ(N).FNVflN)eFN(N)*F(3,4)
01710 F(4,1) a FNJ(NIeFNS(N).FNU(N)*OFNT(N).F(4,1)
01720 F(4p2) a FNJ(N)*FIN(N).FNU(U)OFMU(H)4F(4p2)
01730 74,3) a FNJ(N)*FNI(H).FNU(N)*FNV(N)+F(4,3)
01740 F(4#4) a FMJ(H)eFNJ(N)*711flN)eFIW(H).F(494)

01760 11(2) * (-1s*FH(N)*RIl)*FIU(N)OI))R(2)
01770 RI(M w -)(N()RI.FVN*()e13
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TABLE 2 (CONTINUED)
DATA REDUCTION PROGRAM

*101730 RIM) (-1)*(FNJ(N)*R(I)*FNV(H)*Q(I))4RICI)

01790 ZI a R(I)*RI)*(1sO(I)*
.401300 NEXT I

01310 NAT Ft * 111(F
01320 NAT C *FI'RI
01330 V3 a 1134(l)
01340 94 a 94#C(2)
01650 L3 a L3*C(3)
01860 L4 a L4+CC4)
01670 E = 0-6745*80MBZ/(2*N-4))
01880 IF K>; THEN 01930
0169" PRINT "RUNWHIIER s.ft9
01900 PRINT
01910 PRINT @STAND. KY. -E~t "NU-FREQ"p "PREC-FREQNtU"-94AIFPC-DANP
01920 PRINT
01930 PRINT EU39V4tL3vL4
01940 P = (12/11)*(U3*14)
01950 NEXT K
01960 PRINT
01900 PRINT 'A1,31 I,A2v,32'"A3*
0196 PRINT A4,34,A5,35,A6
01190 PRINT
02000 PRINT *3 ,U vv",992 ,wLI ,'L
02010 PRINT 36,13,114,L3,L4
02020 END
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In lines 280 and 290 the transverse and longitudinal moments of inertia of the model

are given. Line 300 may not be necessary with all computer systems; here the term

"BASE I" indicates that all subscripted variables begin with "one" rather than

zero. Some BASIC compilers assume, in default, that a matrix dimensioned D(4)

. has five elements. The statement of line 300 means that a dimension of D(4) has

K four elements.

Various matrices are dimensioned in lines 310 to 340. The matrices A, B, AO,

" BO and T have been dimensioned in excess of any encountered data length. However,

all five column matrices should have the same dimension number. This remark also

applies to column matrices R and Q in line 330. All other matrices are dimensioned

to the exact value needed in the program.

Lines 340 through 490 are for data input. All material in these lines can be

omitted provided that some other way is chosen to input data. Data must be input

as three column matrices: angle of attack, a(ti) = A(I), angle of side slip,

O(ti) = B(I) and time ti - T(I), where I is data count. The data triplet A(I),

d': B(I), T(I) need not be at equal time intervals, but the triplet must be complete.

In the illustrated arrangement, data is available from a file. The symbol R9 in

line 350 is used to designate the file, here taken as a programmer's identification

number. The symbol N, also in the same line, indicates the number of data point,

i.e. how'many triplets a(t), 0(t), t are in the list. In line 370, an input state-

ment permits restricted input from the data file. Thus Li is the data point

number at which the file begins and L2 is the data point number at which the file

ends. To enter the total data file, Li - 1, L2 - N (numerical equal to total number

of data points).

In lime 500 through 530 initial estimates of the four constants - W3,

02 " W4, X I L3 and A2 - L4, according to step (a) in the summary given at the end

of section 3.2. An estimated value of spin rate, p, is given in line 540, which is
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based upon the estimates of wland w2and equation (11c).

Line 550 sets the number of iterations that the program will undergo. Obvi-

ously this number is arbitrary; a conditional transfer might be entered near the

end of the program based upon some selected value of E; however, this was not done.

The functions defined in lines 560 through 750 are easily related to the

twelve derivatives given in equation (30). Lines 860 through 1270 define the 36

elmet of the G kjati and the si lmnsof the Q1imatrix of equations (34).

Both of these matrices are Initialized in lines 760 through 830. The solution of

the matrix equation (equation (35)) is given in line 1300. The elements, i.e.

A~,BA2,B 2,A 3,B are obtained In lines 1310 through 1360; A1  B, A2  B2  A3

B 3 are equal in turn to A4, B4, A5, 55, A6, 56.

In lines 1390 through 1440 the initial estimates on ai(t) and B(t) are given.

According to equations (18) these initial estimates are represented by ci(t 1 ; A1 ,

0*2 X2) and O(t I; Alt,..., A 2) and are formed by using the estimated parameters in

equations (6). The residuals Ri and Qiof equations (19) are set in lines 1460 and

1470. The elements of the four by four matrix, F kj , of-equation (23) are calculated

in lines 1590 through lines 178D. The various functions used in calculating the

elements of F kjare defined in lines 1620 through 1650 and lines 1720 through 1750.

The Rl k column matrix, defined in equations (24b) is calculated in lines 1750

through 1780. The matrix inversion indicated in equation (25) is carried out in

line 1810. The elements of matrix C are calculated in line 1820. The iterations

of equation (26) is given in lines 1830 through 1860 where w 1 w2p A1 lA 2 are

represented in turn by W4, W5, L4, L5. The probable error of fit expressed in

equation (29) is calculated in line 1930.

The iterative process is repeated by indexing K In line 1950. The Index

variable, K, is set at 20 in line 550. As pointed out earlier the number of itera-

tions are arbitrary and might in some applications be keyed to the probable error
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TABLE 3
STABILITY DERIVATIVE PROGRAM.

00100 REM THIS PROBRAM CALCULATES THE STATIC STABILITY,
00110 REM DYNAMIC STABILITY AND MAGNUS DERIVATIVES,
00120 REM SPIN RATE AND CENTER OF PRESSURE FROM THE NUTATIONAL AND
00130 REM PRECESSIONAL FREQUENCIES AND EXPONENTIAL JMAPIN.
00140 REM VIND TUNNEL MACH NUMBER (N), TOTAL PRESSURE (PO),PSF,
00150 REM TOTAL TEMPERATURE (TO), DEO-Ft NUTATIONAL/PRECESSIONAL
00160 REM FREOUENCIES/DANPINO UIU2tL1,L2 ARE ENTERED. ItIo1
00170 REM ARE REFERENCE LENOTH (DIANETER)tFT9 AND TRANSVERSE AND
00180 REM AXIAL MOMENTS IF INERTIA. N I8 THE NORAL
00190 REM FIRCE DERIVATIVE (PER RADIAN).
00200 Ut a 14.2148
00210 02 a (-1)*10.3601
00220 LI a (-I)*2.15661E-2
00230 L2 a (-I)*2.53026E-2
00240 N a 1.35
00250 3 a .5045
00260 I a .02476
00270 II .1925
000 N a 7.95
002" P9 a 1.814495
00300 TO a 95
06316 1 w 3.141590(De0)/4
062 TO TO*49.6
093301 1 ((1*(M2)/5)*((-I)*72))O.e(N2)*PO
06340 V - 49.0143*01(T)
0318 V a VeN*f((N(M2)/5)*((-1)/2))

06360 NI • IIaUlSU2
08370 N2 a Ios(LIL2)
06300 63 a (-I)#Ie(I(LlV2.L2.VI)/(V1U*2))
00390 P • (I1/1)e(31*02)
00400 CI a MI/(O*SD)
03410 C2 w 2*N2.Y/(IestD.D)
00420 C3 a 2N3e9/(0*S*D'D)
00430 X * ((-1)eCtS.3059)/N
00440 P1 a PsD/(2*V)
00450 PRINT "STATIC,"DTYNAIC, ONANUISOSPIMNC.P."
06460 PRINT *CNA3,mCNI,' CNPA ,P(RAD/SC), X(NIT-LENOTH)
00470 PRINT
00480 PRINT C1,C2,C3,PX
06490 END
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of fit, S.

The computer program just discussed provides the nutational and precessional

frequencies w1 and w2 and the nutational and precessional exponents, X1 and A

However these four quantities are only intermediate values; final data must be in

the form of the aerodynamic derivatives: the pitching moment derivative,

Cm , the pitch damping derivative, Cm , the Magnus derivative, Cm ; and the spin
a q pa

'. rate, p. A second program has been written to convert the nutational and pre-

cessional frequencies and damping exponents, along with relevant wind tunnel flow

measurements into these derivatives. This program is listed in Table 3.

In Table 3 the frequencies and damping exponents are entered in lines 190

through 220 with w1, w2, Xl' X2 equal in turn to Wl, W2p Ll, L2. Model diameter

is entered in line 230. Axial and transverse moments of inertia are entered

respectively in lines 240 and 250. Hach number, total pressure and total tempera-

ture are entered in lines 260, 270 and 280 respectively. The derivatives C ,

Cq C aa, p and pd/2V printed out n order in line 450.

In Table 4 to follow the symbols used in this analysis are given, both the

symbol as it appears in the analytic expressions and as it appears in the computer

program. The number of the first equation in which the symbol appears and the

first line in which it appears in the program are also given. Line numbers indi-

cated with an asterisk refer to the computer program given in Table 3; lines

without such a designation refer to the data reduction program given in Table 2.

In the next section some sample wind tunnel data is presented. These data

will indicate the utility of the analytic methods just developed in reducing data

from the angular motion of gas-bearing-supported models.
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TABLE 4 SYMBOL DEFINITION

ANALYTIC COMPUTER FIRST FIRST
SYMBOL SYMBOL EQUATION LINE DEFINITION

A, A (6a,b) 1310 Initial Condition (sym.) in a

A2  A5 (6ab) 1330 Initial Condition (sym.) in a

A3  A6 (6a,b) 1350 Initial Condition (asym) in a

B1  B4 (6a,b) 1320 Initial Condition (sym) in a
B 3
B3 B4 (6a,b) 1320 Initial Condition (sym) in 8

B3  36 (6a,b) 1360 Initial Condition (asym) in

C C (23) 1820 Frequency/damping matrix
J

C Cl -- 380* Pitching Moment derivative
a

C C2 -- 390* Pitch damping derivative
q

C C3 -- 400* Magnus derivative

d,D D -- 230* Body Diameter

D D(J) (35) 1300 Initial Condition Matrix

E 1 (27) 1870 Probable Error of fit

F jk F(J,K) (23) 1590 Normal matrix-differential corrections

Gjk G(J,K) (34) 860 Normal matrix-least squares

IIy 12 (4) 280 Transverse moment of inertia

Ix  I1 (4) 290 Axial moment of inertia

M M - 260* Mach number

n N -- 350 Number of data points

I -- 400 Index variable

J - 770 Index variable

K -- 550 Index variable

p P (lie) 540 Spin rate

pd/2V P1 -- 410* Reduced spin rate

50
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TABLE 4 (Cont.)

ANALYTIC COMPUTER FIRST FIRST
SYMBOL SYMBOL EQUATION LINE DEFINITION

P PO 270* Total pressure
0

I, q Q 310* Dynamic pressure

q -- (15b) -- Residual - least squares

Qi Q(I) (19b) 1470 Residual - differential corrections

QI(K) (34) 1220 Residual matrix - least squares

ri -- (15a) -- Residual - least squares

R, R(I) (19a) 1460 Residual - differential corrections

R1k R1(K) (23) 1750 Residual matrix - diff. corrections

a S -- 290* Body cross-sectional area

t T(1) (4) 310 Time

TO  TO - 300* Total temperature

V V - 320* Airspeed

a A (6a) 310 Angle of attack

AO (19a) 1390 Estimate of angle of attack

- a- .... Steady state angle of attack

-T  .- Magnitude of trim angle

0 B (6b) 310 Angle of side slip

so (19b) 1420 Estimated angle of side slip

-- - - Steady state angle of side slip

-- (12b) Zero-spin damping exponent

A1  L4 (10c) 520 Nutational damping exponent

I1 C(3) (26) 1850 Estimate of Nutational damp. exponent

A2  L5 (lOd) 530 Precessional damping exponent

A2  C(4) (26) 1860 Estimate of Precessional demp. exponent
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TABLE 4 (Cont.)

ANALYTIC COMPUTER FIRST FIRST
SYMBOL SYMBOL EQUATION LINE DEFINITION

-- (3) Complex angle of attack

T - (9) Inertia/Aerodynamic Coupling parameter

w-- (12a) -- Zero-spin oscillation frequency

w W3 (10a) 500 Nutational frequency

C(l) (26) 1830 Estimate of nutational frequency

w2 W4 (10b) 510 Precessional frequency

C(2) (26) 1840 Estimate of nutational frequency
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CA)~ WIND TUNNEL TEST

A series of wind tunnel tests were carried out using the sphere cone model

depicted in Figure 1. The testing was all done in the Naval Surface Weapon

* Center's Hypersonic Wind Tunnel. In these tests the model had both a non-ablating

* and ablating spherical nose. A line drawing of the model is given in Figure 7.

It will be noted that the hemispherical nose has a bluntness of 0.223 (nose radius

-~ divided by cone base radius). The model oscillates about an axis that is 0.595

body lengths aft of the unablated nose.

Wind tunnel tunnel testing of the sphere-cone model is a fairly straight-

* forward procedure. The model is mounted to the gas bearing assembly shown in

Figure 2. The configuration as tested is shown fixed to the axial sting support

in Figure 1 .

* With the model mounted in the wind tunnel, the spin turbine is activated by

admitting air into the turbine conduit (see Figure 5b). A tachometer reading is

used to monitor the spin rate. Minor adjustments are made to turbine air pressure

-~to maintain spin rate after wind tunnel airflow is established. The angular

transducers are continuously recorded and the orthogonal cameras are put into

operation just prior to initiation of the kicking jet.

- Because it is not possible to visually inspect the model during the period of

* wind tunnel operation, it was found convenient to enter the outputs from the

horizontal-B and vertical-a angular transducers into the XY jacks of an oscillo-

* scope. The display is a rough portrait of the a-0 motion of the model. This

* practice enables the project engineer to observe any angular instabilities as well

A' as the more likely damped motion. When the model has damped to a sufficiently

skjall angle or to an obvious trim condition, the kicking jet is again used to

activate angular motion.

-j 54



U
'l 

U
'l 

F
IG

U
R

E
 8

 

S
ID

E
 C

A
M

E
R

A
-

V
E

R
T

IC
A

L
 M

O
T

IO
N

 

T
O

P
 C

A
M

E
R

A
-

H
O

R
IZ

O
N

T
A

L
 M

O
T

IO
N

 

R
E

P
R

E
S

E
N

T
A

T
IV

E
 M

O
D

E
L

 P
H

O
T

O
G

R
A

P
H

IC
 V

IE
W

S
 A

P
P

R
O

X
IM

A
T

E
L

Y
 1

 S
E

C
O

N
D

 A
P

A
R

T
. 

2 ~ ("
) 

-
i 

JJ
 

co
 

.....
 .t. c.o
 

.....
 



NSWC TIL 81-491

It was mentioned earlier that while the fiber optic system functioned, the

performance was not adequate for data reduction. Consequently the photographic

record from the orthogonal camra installation was used. Figure 6 indicates how

cameras were positioned. One camera obtains angular notion of the model In the

vertical plane, the other, model notion in the horizontal plane. After film

reading and tine-frame-count correlation the two records aI(t) and Bi(t) are

available for the data reduction procedure described n the previous section.

4.1 NO-ALATING NOSE (NAN) WID TUNNEL STS. In the non-ablating nose

*-' (NAN) tests the 7-degree conical model was tested with a steel hemispherical nose

in place. The. external geometry of the wind tunnel model is shown in Figure 7.

The testing procedure was identical to that described in section 4.0. Primary

data in this test was over 900 frames of 16m film of model motion measured at

*! each of the two orthogonal cameras, typical frames of the horizonal (8) and

vertical (a) cameras are presented in Figure 8'. 7he total of more than 1800

frames were "read" on a film reader. Film reading consists of setting moveable

"-: cross-hairs at two places on the image of the model's edge. 7he arc-tangent pro-

* vides the angle of this edge; removal of the cone half-angle then gives the angle

of the centerline of the model.

,-, It will be recalled in equations (15) or (19) that the angles of attack and

sideslip must be available at the same time, t-ti. Thus it is necessary to

designate one angular record, say, a-a(t), as the primary and interpolate the

second record, 0-0(t) in this case, to obtain both records at the same values of

time. The record of a(t) (primary) and 0(t) (interpolated) are given in Figure 9.

An alternate premtation of essentially the same information is provided in

Figure 10. Rare a (vertical) is plotted with 0 (horizontal) to give the

familiar a-0 petal graphs. The damped character of the notion is more obvious in

Figure 10 than it perhaps is in Figure 9.
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The records a(ti) and O(t ) were read into the computer in line 350 (see

Table 2. The program was iterated 50 times. The last 20 iterative steps are

given in Table 5.

A few remarks may be made concerning the final values from the data reduction

program. From the discussion in Section 3, it will be recalled that the constants

A,, B1 , A2 , B2 are of no value in obtaining the aerodynamic stability derivatives.

From equation (14) it is possible to calculate trim angle. Applying this equation

to the values of A3 and B3 of Table 5 it is possible to calculate the trim angle,

a as 1.12 degrees. Initially this is surprising since the HAN wind tunnel

model does not have any apparent configurational asyetries. The apparent trim

angle i nothing more than an error Ln the background fiducial marking used for

frame alignment.

The frequency and damping constants, V1, W29 Ll, L2 are of value in computing

the three aerodynamic derivatives and the spin rate. Inserting these values as

appropriate in the program of Table 3 gives the derivatives presented in

Table 4.

The static pitch ing moment derivative C,,-CM of -.328 is the value of this

derivative applicable to a non-ablating, spinning conical model (7-degree half

angle, 0.223 nose bluntness) undergoing bi-planar angular motion. The location of

the static center of pressure aft of the nose (fractions of body length, L) is

given by the following:

x b
S+ 0.595 (38)

L C ,L

With the body length of 19.79 and body diameter of 6.054 inches, Cm as -.328 and

am
C. of 1.35 the center of pressure is 0.669 body lengths aft of the nose and 0.0743

body lengths aft of the c.g. There is no published data applicable to this configu-

ration at a Mach number of 7.95. However, reproduced from an unclassified source is
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TABLE 5
DATA REDUCTION FOR DATA POINTS 1 TO 900 FOR SPHERE CONE MODEL.

STANL.IEV.-E PREC-FREI MU-FREl PREC-DAMP NU-DAIP

.294289 10.3601 -14.2185 -2.65331E-2 -2.06467E-2

.294178 10.3601 -14.2175 -2.62024E-2 -2.10517E-2

.294124 10.3602 -14.2167 -2.59674E-2 -2.1299E-2

.294097 10.3602 -14.2162 -2.58002E-2 -2.14477E-2

.294004 10.3602 -14.2158 -2.56009E-2 -2.15323E-2

.294076 10.3601 -14.2155 -2.55957E-2 -2.15779E-2

.294074 10.3601 -14.2153 -2.5534#E-2 -2.1599?E-2

.294073 10.3601 -14.2152 -2.34913E-2 -2.16081E-2

.294072 10.3601 -14.2151 -.02546 -2.16085E-2

.294072 10.3601 -14.215 -2.54377E-2 -.021605

.294071 10.3601 -14.215 -2.54216E-2 -2.15997E-2

.294071 10.3601 -14.2149 -2.54101E-2 -2.15939E-2

.294071 10.3601 -14.2149 -2.5401SE-2 -2.15883E-2

.294071 10.3601 -14.2149 -2.53958E-2 -2.15833E-2

.294071 10.3601 -14.2149 -2.53915E-2 -2.15789E-2

.294071 10.3601 -14.2149 -2.53084E-2 -2.15752E-2

.294071 10.3601 -14.2149 -2.53862E-2 -2.15722E-2

.294071 10.3601 -14.2149 -2.53846E-2 -2.15697E-2

.294071 10.3601 -14.2148 -2.53834E-2 -2.15677E-2

.294071 10.3601 -14.2146 -2.53026E-2 -2.15661E-2

Al 11 A2 32 A3
.328411 1.74525 .461837 1.12199 .017397

33 Ml U2 LI L2
-9.10809E-3 10.3601 -14.2148 -2.53126E-2 -2.15661E-2

TABLE 6
NON-DIMENSIONAL AERODYNAMIC COEFFICIENTS AND SPIN RATE FOR DATA POINTS 1 TO 900.

(SPHERE-CONE MODEL)

STATIC TNAIIC NAGNUS WPIN C.P.
CIA CN0 CIIPA P(RAM/5EC) X(393Y-LENOTH)

-.328249 -1 .6462 .160737 29.9689 7.43787E-2
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data for this configuration at Mach 10, These data have been reproduced in

Figure 11.

It will be noted that the furthest aft that the center of pressure reaches

-is about 0.67 body lengths. As just noted, the center of pressure measured in

these dynamic tests to at 0.669. It is not possible to compare the static

(constrained) test results with the dynamic test results since the angle of

attack was continuously changing during the dynamic tests. Nevertheless the

dynamic testing took place over an angle of attack range of about 3 degrees.

Taking an rom.s. value of angle of attack at something like 2 degrees, it may

be seen that correlation of the center of pressure between the two testing

techniques is quite satisfactory.

4 2 ABLATING NOSE (AN) WIND TUNNEL TESTS. The Three-Degree-of-Freedom Gas

Bearing may be used to study the dynamic motion of a model undergoing surface

ablation. Ablation was confined to the hemispherical nose by replacing the steel

nose by a camphor hemispherical nose molded over a steel bi-conic substructure.

This substructure is shown in Figure 12. The particular shape of this sub-

structure was derived from earlier experimentation, reference (6).

In these wind tunnel tests the low temperature-ablating nose was attached to

the model. The testing procedure followed along the lines described in sections

4.0 and 4.4. Photographs were made of the ablating nose throughout the 20 seconds

duration of the erosion. Eight sequences in the ablation process are shown in

5Ragsdale, W.C., et al, "Mach 10 LAP Static Force Test Program in the NSWCI
VOL Hypersonic Tunnel (WTR 1296)," NSWC/WOL MP 77-33, September 1977.

6Jobes M.D., et al, "Bi-Modal Flow Field Feasibility Demonstration in the
8WSC/WO Mypersonic Tunnel (WTR 1319)," NSWC NP 79-217, May 1979.
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Figure 13. Each photograph depicts phenomenon about 2.5 seconds apart. Although

not evident in these photographs, the model is under.- - simultaneous pitch, yaw

and spin. It may be seen that the ablating shape approrz-hes the bi-conic sub-

structure illustrated in Figure 12.

The significant difference between the sphere-cone model and the ablating

model is the continuously changing nose shajie associated with the ablating model.

Changing configuration means that the various aerodynamic derivatives are also

continuously changing during the ablation process.

As in the case of the previously discussed sphere-cone test, primary data

consists of the triplets (ai, 8 ,, ti) where ai and 01 are the angles of attack

and sideslip measured at time ti. Probably the most straight forward way of

presenting (eL, Bi ti) data points is as a time history. This has been done in

Figure 14. As pointed out earlier, the two ort ogonal cameras are not synchro-

nized. Since there are some differences in framing rate between the two cameras,

the records a and are not at the same time, ti. The data reduction program

does require the two angle pairs be at the same value of time. Thus, it is

necessary to interpolate one angle record to bring it into coincidence with the

other. In the angular history presented in Figures 14, the aideslip record,

* Bi, is interpolated to coincide with the angle of attack record, (Y

Figures 15 are an alternate form of representing a Q These "petal"

plots are given at about 2.0 second intervals. The start of each record is

indicated by the symbole and the end by the symbolQ. A quick perusal of

Figures 15 indicates slight damping until about 10 seconds (Figure 15f).

The succeeding figures seen to Indicate a slight increase of the angular

displacement magnitude. In the reduced data one vwould expect to find changes

in sign of the damping-in-pitch derivative, C q
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In the first reduction of these data the whole record of about 750 data points

was divided into sub-intervals of about 50 data points each. Each data point is

* characterized by the triplets, (cy, OP. ti), i.e. angle of attack, angle of side

slip and time. A data record of 50 data points has a time duration of about one

second as has been pointed out. Thus, each petal figure consists of about 100

data points. An examination of the aerodynamic derivatives reduced from these

successive, non-overlapping sub-records did indicate a fairly consistent monotonic

reduction with time of the static moment derivative, C M,. If a constant value is

assumed for the normal force derivative, CN the preceding observation-is

* equivalent to recognizing that the center of pressure moves steadily forward with

time. The equivalent statement is that the center of pressure moves forward as

the model ablates from a sphere cone to the symmetrical substructure illustrated

in Figure 12. As will be seen, the center of pressure moves from a point 0.073

body lengths (or so) aft of the c.g. to a point 0.054 body lengths aft of the c.g.

As far as dynamic measurements are concerned it is felt that less than three

significant figure accuracy in measurements from the film record combined with

low dynamic pressure compromised reliable dynamic data. In addition there is an

indication from the petal plots of Figures 15 that there are regions of both

damped and undamped motion. From the reduction of the 50-point records the

damping in pitch derivative, C m, varied considerably in both magnitude and sign.
q

Sign changes (from negative to positive) can be used to qualitatively indicate

periods of damped and undamped motion.

In order to examine the dynamic measurements in more detail it was decided

to apply the data reduction method to o-ierlapping records, still 50 data points

in length. This examination using over-apping records was confined to the

beginning of the ablation record. Thus, records of data points 1-50, 5-55,

10-60, etc., were reduced. The results (if this data reduction, both the
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overlapping and non-overlapping records, is given in Table 7. The number of

the first and last data point in each record is given in the first column. The

corresponding values of time are given for the first and last point in the next

column, followed by the average time for the record. The remaining columns give

the static pitching moment derivative, C s, the pitch-damping derivative, Cm and

the center of pressure aft of the c.g. in body lengths, X. It Is felt that the

spin rate was too low for the Magnus derivative to be assigned any reliability;

hence, this derivative is not presented. The center of pressure is calculated

from the pitching moment derivative, C , and ah estimated value of the normal
a

force derivative, as was done in equation (38). The difference between the center

of pressure defined in equation (38) and In equation (39), below, is that the

reference point now is taken as the center of gravity, 0.595 body lengthsfrom

the nose.

C ca(d/1)
- t a d(39)
xCNU1a

A value of CN of 1.35 I radian was taken from reliable sources. The conversion

(d/l) Is used to express I in term of body length where C SI based upon thea
body's maximm diemter a a reference.

It will be noted in Table 7. that the center of pressure at the beginning

of ablation Is about 0.0724 body lengths aft of the c.g. This value might be

compared with the value of 0.0724 given in Table 6 for the sphere-cone test.

The theoretical value for the non-ablating sphere cone is something like 0.053

body lengths, altbough the data in Table 7 is for an ablating model. An

examination of the data in Table 7 show that during ablation there is a steady

forward motion of the center of pressure. At the beginning of ablation the center

of pressure Is about 0.074 body lengths aft of the c.g. After three seconds,
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TAM 7 SUMAR! O REDUCED DATA FK ABLATING
)0DEL WITH CAL OSE SUBSTRUCTURE

DATA POINT TIM AV.-TIME C C X
NMSERS (SECONDS) (SECONDS) (Z L)

1 0
50 1.04 0.52 -.319 -7.5 0.0724

5 0.09
55 1.15 0.62 -.321 -15.6 0.0728

10 0.19
60 1.25 0.72 -.331 -19.9 0.0750

15 0.29
65 1.34 0.81 -.336 -7.5 0.0760

20 0.40
70 1.46 0.93 -.325 +6.3 0.0736

25 0.51
75 1.56 1.035 -.308 +7.1 0.0699

50 1.04
100 2.08 1.560 -.313 +23.4 0.0709

100 2.08
150 3.14 2.61 -.323 -5.4 0.0732

150 3.14
200 4.18 3.66 -.316 -3.6 0.0716

200 4.18
250 5.22 41.70 -.315 11.0 0.0714

250 5.22
300 6.26 5.74 -.314 8.0 0.0712

300 6.26
350 7.30 6.78 -.313 -10.5 0.0708

350 7.30
400 8.34 7.82 -.314 -7.6 0.0711

400 8.34
450 9.41 8.87 -.314 +12.5 0.0713

450 9.41
500 10.44 9.92 -.315 40.3 0.0714
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TABLE 7 (Cant.)

DATA POINT TinE AV.-TUlI C C a
NNWER (SECONDS) (SECONDS) %q(Z LQ

500 10.44
550 11.49 10.96 -. 315 -11.5 0.0714

550 11.49
600 12.50 11.99 -. 315 +4.o 0.0713

600 12.50
650 13.59 13.04 -.287 +7.1 0.0650

650 13.59
700 14.63 14.11 -.241 +1.7 0.0545
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the center of pressure is about 0.070 body lengths aft. As ablation continues

and as the record nears the end the center of pressure moves to about 0.054 body

lengths. The center of pressure measured in a wind tunnel on a constrained

(static) model is close to the theoretical value of 0.053. It should be remembered

that the model in the dynamic test is undergoing motion in three degrees of freedom

and that the windward meridian is constantly changing in body coordinates.

As pointed out earlier, the damping in pitch derivative, C m, may be given

only a qualitative interpretation. It will be noted at the beginning of ablation

that the angular record indicates dynamic stability. At about 1 second after the

start of the record the motion has become dynamically unstable until something

like 2 seconds has elapsed. After 2 seconds, the motion becomes stable again.

This alternate dynamic stability and instability continues throughout the record.

Of minor interest perhaps is the fact that the plane of oscillation is

rotating. (See Figures 15). If j is taken as the rotation rate of the plane

of oscillation, then it may be shown that there is a relationship between * and

the nutational and precessional frequencies, '1 and '2 1 as:

'0" +W 2  (40)

From equation (11c) it.i inediately obvious that:

I p (41)

Therefore, the rate of rotation of the plane of oscillation is a simple function

of the roll rate, p.

Of considerably more interest is the attitude of the nose toward the velocity

vector which is assumed to be at the origin of the a-0 petal graphs. It will be
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presumed that the meridianal line on the body (or nose) that faces the origin or

velocity vector will be the meridian of greatest heat transfer. At the nose this

is the meridian of greatest ablation. Figure 16 is a rough attempt to track

the windward meridian and a fixed point on the nose as the model undergoes about

one oscillation. The fixed point on the nose that is being tracked is the

original stagnation point at time t = 0.00 seconds. It will be noted that the

model does not present the same meridian to the velocity vector as the model

oscillates. One might expect fairly uniform ablation of the model, and hence

no large trim angles, should develop throughout the ablation phase.

It would seem that since the ablation must perforce be confined to the

nose, the forces (and their moments) resulting from the ablation are an entirely

localized phenomenon. This may not be entirely accurate. It is true that

there are local forces generated by the local ablative mass addition to the

boundary layer. In addition however, we might expect the generation of forces

considerably downstream due to cross-flow effects because the boundary layer

has been thickened by the upstream ablation, i.e., there may be a transport

effect associated with ablation. In addition there are the obvious effects due

to changing nody geometry resulting from the ablation. In the tests under

discussion, with ablation confined to the nose, body shape changes are limited

to the increase in nose bluntness and the development of a bi-conic shape (see

Figures 12 and 13). Generally an increase in nose bluntness causes a

decrease in the damping of angular motion. The effects caused by changes in

nose geometry are usually small for the oscillation frequencies encountered

and are therefore not the principal source of the ablation effect. Ablation

induced loads arise "from a deflection of the free-stream flow caused by mass
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injection into the boundary layer, either locally or by transport through the 

7 boundary . layer from some other part of the body." 

T~e question still remains as to whether or not ablation situated at the 

model's nose cau~es dynamic instability. The test results reported herein in-

dicate that nose ablation does cause dynamic instability. These results agree 

with the conclusions of Ericsson and Reding (reference (5}): 

"A slender conical reentry body may experience increased static. stability 

but severely decreased dynamic stability at low angles of a ttack and low 

oscillation amplitudes when ablation is concentrated to the blunted nose 

and cone trailing edge." 

Ericsson and Reding's paper (reference (5)) is an analytic exercise and is not 

substantiated by any experiment al results. The authors admit in the conclusion 

to their paper: " ••• the analysis presented herein is highly speculative " 

Nevertheless to some extent the conclusions of this paper as indicated by the 

above quotation seem to be substantiated by th~ results of the ablating nose 

test reported herein. 

In 1965 a series of experiments were carried out to examine the dynamic 

behavior of an ablating model undergoing single degree of fre dom angular (pitch) 

motion. These experimental results were reported in what may be regarded as the 

seminal paper in the experimental invest i gations of the effects of surface 

ab l ation on the dynamics of a reentry boriy. 8 While this paper by Grimes is 

based upon wind tunnel dynamic tests, it should be appreciated that Lhere are 

7Ericsson, L.E., et al, "Ablation Effects on Vehicle Dynamics," Journal of 
Spacecraft, Vol. 3, No. 10, October 1966. 

8Grimes, J.H ., "Influence of Ablation on the Dynamics of $lender Reentry 
Configuration," Journal of Spacecraft, Vol 2, J an/Feb 1965. 
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considerable differences between the model support syi.tem used in Grimes

experiments and the three-degree-of-freedom gas bearing. The model in the tests

reported in reference (8) cannot spin and its angular motion is restricted

entirely to a plane. By way of contrast the model in the three-degree-of-freedom

gas bearing is free, within an upper bound restriction on total angle of attack,

to undergo simultaneous and mechanically-uncoupled yaw, pitch and roll motion.

In other words a comparison is being made between experimental results from

single degree of freedom and three degree of freedom model supports. Clearly

there must be considerable differences between the ablation physics in both

cases. In the three-degree-of-freedom support the presence of roll rate allows

the region of ablation to alter its orientation with respect to the velocity

vector independent of the angle of attack. Consequently neither Grimes nor

Ericsson's paper for that matter can be entirely supportive of the gas bearing

test presented in this report. Indeed there seems to be some conflict betweev

Ericsson and Grimes as to the effect of ablation on dynamic stability. The

following quotation is taken from Grimes' paper which conflicts with the

experimental results of this report and the analytic results of Ericsson as

indicated by the previously given quotation.

"Coating the entire model ... forward of the center of gravity, produced

a dynamically stable configuration with Cmq values approaching those for

flight test. Coating the rearward sections of a conic or cone-cylinder

flair produces a dynamically unstable model."

In the above quotation the word "coating" refers to the application to the model

of a low temperature ablator such as paradichlorobenzine C6 H4 C12 . Locating

the "coating" is equivalent to setting the location of the model's surface

ablation.
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In brief the results of the three-degree-of-freedom support indicate that

while the model is initially dynamically stable, the initiation of ablation

causes dynamic instability which continues until the ablation ceases and the

metalic bi-conic nose is revealed.

The following is a partial listing of the conclusions that might be drawn

from these ablation tests:

(a) The static center of pressure is at about 0.073 body lengths aft of the

center of gravity (0.595 body lengths aft of the nose) at the beginning of

ablation. This value is essentially the same as that measured for the steel

nose (non-ablating) sphere cone model.

(b) The static center of pressure moves forward during ablation to a value

of about 0.054 body lengths.

(c) Agreement seems to be acceptable with results from supported testing

where the center of pressure is about 0.053 body lengths. It must be remembered

that dynamic testing about a single axis cannot provide the normal force

derivative, CN , and hence a final evaluation of the center of pressure must rely

on an external source of C N.

(d) Dynamic measurements indicate regions of dynamic stability and

instability. No convincing argument is available at this time to entirely

explain this observation.

4.3 POST-ABLATION WIND TUNNEL TEST - ABLATING NOSE SUBSTRUCTURE

(SYMMETRICAL). In the previous section (Section 4.2)) the abiating nose tests

were discussed. It should be recalled and emphasized that ablation was con-

*fined to the nose by replacing the steel nose by a low temperature ablator.

The inital shape of this ablating nose was a hemi-sphere of 0.223 bluntness

(see Figure 7). The substructure of this nose is the contour illustrated

in Figure 12. When the ablation process is completed this contour is
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revealed. The "post-ablation" shape was developed from photographic records

of preserved contours from earlier static ablation tests. It may be seen in

the ablation sequences of Figures 13 that the contour does ablate to something

like this shape, so that Figure 12 depicts the asymtotic contour of the ablation

process. It is of course necessary to preserve this ablated shape as a steel

substructure for post-ablation dynamic testing- the low temperature ablator

would continue to change shape under ambient conditions.

It was assumed that 60 seconds after initiation of the ablation run, that

ablation was complete and the steel substructure was completely revealed. The

kicking jet was then initiated to supply angular displacement to the model.

This would then begin a new run designated as the post ablation run with

symmetrical steel sub-structure. Since it was not possible to be completely

certain that ablation has removed all of the low temperature ablator, it was

decided toA reduce the 750 data point-long run in overlapping records of 150

data points each. The result of this exercise is presented in Table 8. It

will be noted that the center of pressure is nearly exactly that measured at

the end of the ablating run (see Table 7). The a-$ history of this post-

ablation run is given in Figures 17; the a- petal plots are presented in

Figures 18. It will be noted that these petal plots for the post-ablation run

are nearly circular as compared with the more leaf-like shape observed during

the ablation run (see Figures 15) as the sphere-cone runs (see Figures 10).

It is possible to show that the character of the motion is merely dependent

upon initial conditions in a and . First by way of definition,
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TANE 8 SUMMARY OF REDUCED DATA FROM POST-ABLATION MODEL
WITH SYOETRICAL NOSE SUBSTRUCTURE

DATA POINT TIME AV.-TIME C C

-NUMBERS (SECONDS) (SECONDS)

1 0
150 3.11 1.55 -.231 -2.17 0.0524

50 1.03
200 4.15 2.59 -.233 -6.19 0.0528

100 2.07
250 5.19 3.63 -.263 +2.30 0.0596

150 3.11
300 6.23 4.67 -.236 -3.40 0.0535

200 4.15
350 7.27 5.71 -. 237 2.81 0.0536

250 5.19
400 8.31 6.75 -. 239 6.79 0.0542

300 6.23
450 9.35 7.79 -.240 3.48 0.0544

400 8.31
550 11.43 9.87 -.239 0.69 0.05413

450 9.35
600 12.47 10.91 -. 241 1.52 0.0547

500 10.39
750 15.59 12.99 -.243 -.06 0.055
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0

't-O 0

do*=j/t-0 - 0

]0

(42)

t-0 00

.dP1/to - A 
I

TE- 0

In equations (6) it was shown that the motion is initially established by

the six constants A,, Bi, A2, B2, A3 , B3. One of the constants, A1 , was given

in equations. (6) as a generic form. Most reentry vehicles, as well as other

statically stable vehicles, have the characteristic that the damping exponents

X 1 and X2 are small in comparison to the circular frequencies, w and w2 9 as

" I < <

A2 << W 2

Neglecting A1 and X2 where they appear in the expressions for the above six

constants results in an error that is typically about 2 percent.* With the

assumption noted the six constants

* A more exact estimate of this error is

41 u2- X100 - 100
'02

which for the wind tunnel runs under consideration are about 2%.
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may be written as,

A1I [-W2 A - W -220]

"3~ ~ W a + (p  W AJ. + W~~ -a)' p  °

Aw) 2 82+ 1"2 '

B1 0 lo (43
A13 -  2 - [ 0wI :] (43)

M661

[ W (p -W) + P(W1  P)]I

B 3 0 , p#

where the simplification at the far right assumes no body-fixed asymmnetry, ioe.,

A 3 - 0. If A 1and B 1are regarded as the components of a polar vector,K1

in the 8 (horizontal) and a (vertical) direction, respectively, then,

:IiI - K1 0  1 1 (44a)

A similar relationship may be written far A2 and B2 as,

2 2

K KA- B2  (44b)

and for A3 and B3 as,
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tK -K Am/ (44c)13t 3 3 3

It can easily be shown from equations (6) and (10) the K.1 rotates with a rate

wradians/second in the same direction as the roll rate, p and that K 2 rotates

at a rate w2in a direction opposite to the spin rate K3, which accounts for a

body-fixed asymmetry rotates at the spin rate, p.

The geometry of this "tni-cyclic motion" is given in the sketch below.

MODEL VERTEX a

3*2

K2

K I 

W

* TRI-CYCLIC MOTION
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In examining the motion of the model in Figures 18, the observed circular motion

is due to a vanishing of the K2 arm. Now, it will be recalled that the air-jet

acts only to cause an angular displacement in the vertical plane, i.e., to set

e0 (and perhaps ; 0). However, since the post-ablation run was initiated with

some residual motion from the preceding ablating run, it is likely that 8°

and A were not zero at initiation of the kicking jet.
0

A fortuitous set of circumstances could well result in the minimization or

elimination of the K2 arm by reducing or eliminating A2 and/or B2. This couid

happen if the numerators in the expressions for A2 and B2 in equations (43) are

small. For example, remembering that w2 is always negative (p, spin rate, and

w1 nutation rate taken as positive), if 6o is negative and o is positive, then

if

Ao W, ct 0 45)o " l o C

the numerator of A2 vanishes. The operation of the kicking jet also occurs

when both ao and 0o are small, reducing the magnitude of B2 (as well as A2 ).

The point of this discussion is that the presence of circular motion does

not indicate any unusual dynamic effects. A comparison of the center of pressure

values between the ablation test (Table 7) and the post-ablation test (Table 8)

indicates coincidence in this parameter.

.4.4 POST-ABLATION WIND TUNNEL - ABLATING NOSE SUBSTRUCTURE (ASDUETRICAL).

The test discussed in this section, like that of the previous section, is also

a test of the model with the ablating nose substructure in place (see Figure 12).

However, unlike the previous test the axis of symmetry of this nose is tilted

3 degrees with respect to the center line of the conical after body. This nose

tilt then introduces an asymmetry into the configuration. The results of this

test are given below in Table 9. The x-0 petal plate are given in Figure 19.
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It will be noted in Table 9 that the center of pressure is comparable to that

given for the symmetrical ablating nose substructure (Table 8). Figures 19

do not indicate the circular motion observed for the symmetrical nose. The

asymmetric-nose tests were performed as an initial inspection in the wind tunnel

and did not follow an ablating test. Consequently B0 and o were negligibly

small so both the K1 and K2 modes were excited.

5.0 CONCLUSIONS

These tests led to some interesting results. It was shown that the no-.-

ablating sphere-cone model had a center-of-pressure that was 0.669 body lengths

*aft of the centex of gravity. Comparisons were made favorably with earlier

static wind tunnel data. The ablating nose model had a center of pressure

almost exactly at the same point as the non-ablating model at the on set of

ablation. During ablation there was a steady foward motion of the center of

pressure. Dynamic measurements during the ablation indicate that there are

regions of dynamic stability and instability.

Completion of this test program has been more laborious than anticipated

due to the failure of the fiber optic readout system to function satisfactorily.

Nevertheless, it has been demonstrated that the three-degree-of-freedom model

support can be used to make pitching moment measurements on ablating and non-

ablating models in the Naval Surface Weapons Center's Hypersonic Wind Tunnel.
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